Abstract. In this paper we study the L p -convergence of the Riesz means S δ R (f ) for the sublaplacian on the sphere 
Introduction and statement of the main result
In this paper we study the convergence in the L p -norm of the Riesz means associated with the sublaplacian on complex spheres.
Let S 2n−1 be the unit sphere in C n and let L be the differential operator on S where M jk := z j ∂ z k − z k ∂ z j . The operator L is called the sublaplacian on S 2n−1 . The starting point in our approach is the orthogonal decomposition of the space of square-integrable functions on the unit sphere S 2n−1 in C n as
where H ℓ,ℓ ′ is the space of complex spherical harmonics of bidegree (ℓ, ℓ ′ ), ℓ, ℓ ′ ≥ 0 [ViK, Ch.11] . Each subspace H ℓ,ℓ ′ turns out to be an eigenspace for L with eigenvalue λ ℓ,ℓ ′ = 2ℓℓ ′ + (n − 1)(ℓ + ℓ ′ ) [Ge] . We denote by π ℓ,ℓ ′ the spectral projection from L 2 (S 2n−1 ) onto H ℓ,ℓ ′ . Then, a function f ∈ L 2 (S 2n−1 ) may be written as
where the partial sums of the series converge in the L 2 -topology. However, if f ∈ L p (S 2n−1 ), with p = 2, then the partial sums in general fail to converge to f in the L p -topology, unless suitable smoothing and convergence factors are inserted. A classical summability method is provided by the Riesz means (see [Rie, B] , and also [DaCha, St] ).
The Riesz means of index δ ≥ 0 associated with L of a function f ∈ C ∞ (S 2n−1 ), are defined as
The main question is to establish the critical exponent for the convergence of S δ R f to f in the L p -norm, as R → ∞. Obviously, S δ R f converges to f in the L 2 -norm for all δ ≥ 0, while for 1 ≤ p < 2 we can expect convergence in the L p -norm only for δ positive and sufficiently large.
There exists a vast literature concerning the convergence of Riesz means in various settings, and related multiplier theorems. For sake of brevity, here we only mention the results that are most significant for this work.
In the present context, previous results are due to Alexopoulos and Lohoué [AL] . They observed that, by adapting their techniques for the study of Riesz means associated to left-invariant sublaplacians on connected Lie groups of polynomial growth, it is possible to prove that the Riesz means of index δ associated to the sublaplacian L on the sphere S 2n−1 converge in the L p -norm provided δ > 2n
. In the framework of the Heisenberg group, relevant results are due to Mauceri and Müller, [Ma] and [Mü1] . In these two independent papers they studied the question of the L p convergence of the Riesz means for the sublaplacian L H on the Heisenberg group H n−1 , which is biholomorphic equivalent to the sphere S 2n−1 taken away the north pole, via the Cayley transform. The operator L H is self-adjoint and admits the spectral decomposition
The Riesz means of index α for a Schwartz function f on H n−1 , for R > 0, are defined by
Mauceri and Müller, independently and with different methods, proved that, when
. We mention in passing that, in view of the restriction theorem proved in [Mü2] , Müller studied the convergence of the Riesz means in the mixed normed spaces
We shall prove the following result.
Hence, we improve the results in [AL] , by showing that the critical index for the L pconvergence of the Riesz means for L is not larger than (2n − 1)
. It would be of great interest to establish whether the condition δ > (2n − 1)
is also necessary. As it is well known, the corresponding result for the Laplacian in R n , that is the classical Bochner-Riesz summability, is an outstanding problem, when n ≥ 3. More precisely, let R δ denote the multiplier operator on
, 0 and
The former condition is also necessary, while it is not known whether the latter condition could be omitted. This question is settled when n = 2 or when R δ is restricted to some particular subspace of R n , see [St] Ch. IX, or [DaCha] , e.g..
In the context of a compact Riemannian manifold of dimension n, Sogge proved sharp estimates for the Riesz means associated to a self-adjoint elliptic differential operator [So1, So2] . More precisely, Sogge proved that the Riesz means of index δ for an arbitrary elliptic operator of order m converge in L 1 provided δ > (n − 1)/2, and that, when the order m is 2, they converge in L p provided δ > max(n
. Also in this case it is known that the former condition is necessary, cfr. [So1] .
More recently, Sikora and Tao [SiTao] studied the L p convergence of the Bochner-Riesz means associated to the Laplace-Beltrami operator in two particular situations: on the complex sphere S 2n−1 when restricted to the subspace
2n−1 , and on R n = R n−1 × R, when restricted to the space of cylindrically symmetric functions on R n−1 × R. In both cases they obtained sharp results and were able to remove the condition
from the assumptions for the L p convergence of the Bochner-Riesz means.
Returning to the case of S 2n−1 , it is worth noticing that 2n−1 represents the topological dimension of the CR sphere, while 2n is the so-called homogeneous dimension. Thus, our result may be related to the spectral multiplier theorems proved by Hebisch [H] and Müller and Stein [MüSt] , where the critical index is determined by the Euclidean dimension of the underlying space; see [CSi] for an analogous result on SU(2) and for a detailed discussion of the subject. Moreover, recently Cowling, Klima and Sikora proved a Hörmander-type spectral multiplier theorem for the Kohn-Laplacian on spaces of (p, q)-forms on S 2n−1 with critical index equal to (2n − 1)/2 [CKSi] . On the other hand, the index found in [AL] is determined by the homogeneous dimension of S 2n−1 . We point out that our Theorem 1.1 implies the cited result by Mauceri and Müller (in the non-mixed norm case r = p) for the Riesz means associated to the sublaplacian on the Heisenberg group. Indeed, this fact is a consequence of certain contraction results [Ric, RicRu, DGu1, DGu2] , as we shall see in Section 4. [Ta] and developed by Alexopoulos and Lohoué [AL] . In particular, a basic rôle in this estimate is played by the heat kernel associated with the sublaplacian on S 2n−1 .
Finally, in this paper we focus the attention on Riesz means associated to the sublaplacian on S 2n−1 . It would be interesting to treat the case of Riesz means associated to the Kohn-Laplacian for (p, q)-forms as well. We refer the reader to [Ge] for the precise definitions. However, the analysis of the Kohn-Laplacian, most recently developed in [RicU] and [CKSi] , seems to be more involved, even in the case of functions; see also the seminal paper [FoSt] for the case of the Heisenberg group. We hope to extend our methods to cover this more general situation in the near future.
We shall use the symbol C to denote constants which may vary from one formula to the next, and [x] to denote the greatest integer ≤ x.
Preliminaries
For n ≥ 2 let C n denote the n-dimensional complex space endowed with the scalar product z, w := z 1w1 + · · · + z nwn , z, w ∈ C n , and let S 2n−1 denote the unit sphere in C n , that is
We recall that, for z, w ∈ S 2n−1 , the formula
defines a metric on S 2n−1 , [Rud] . The set
defines the corresponding ball centered at z ∈ S 2n−1 , with radius r > 0. It is well known that there exist two constants c 1 , c 2 > 0 such that
Obviously, B(z, r) = S 2n−1 when r > √ 2. Also the operator L induces a distance d L , called the control, or Carnot-Caratheodory, distance. It is well known that d L is equivalent to the distance d defined in (2.1), so we will use the latter throughout the rest of the paper, see e.g. [CDPT] .
Spherical harmonics and the spectral projections. Consider the space L 2 (S 2n−1 ), endowed with the inner product
where dσ is the Lebesgue surface measure, which is invariant under the action of the unitary group U(n).
For ℓ, ℓ ′ ≥ 0 we will denote by H ℓ,ℓ ′ the space of the restrictions to S 2n−1 of harmonic polynomials p(z,z), homogeneous of degree ℓ in z and of degree ℓ ′ inz. Then, the subspaces
Then, for all f ∈ H ℓ,ℓ ′ we have
Since H ℓ,ℓ ′ is finite dimensional, the above pairing makes sense for all f ∈ L 2 (S 2n−1 ). If we denote by π ℓ,ℓ ′ the orthogonal projector onto
For each fixed point η ∈ S 2n−1 , the function f = Z ℓ,ℓ ′ (·, η) is in H ℓ,ℓ ′ and it is constant on the orbits of the stabilizer of η.
An explicit formula for the zonal function
where ω 2n−1 denotes the surface area of S 2n−1 , and
is the Jacobi polynomial. In particular, when ℓ ′ = 0, recall that H ℓ,0 consists of holomorphic polynomials, and H 0,ℓ consists of polynomials whose complex conjugates are holomorphic. Since P (n−2,ℓ−ℓ ′ ) 0 ≡ 1, in this case the zonal function is
Recall that the sublaplacian L is defined by (1.1). Then, for f ∈ H ℓ,ℓ ′ we have that
Moreover, L turns out to be a self-adjoint positive definite, subelliptic operator. For these and other properties of L we refer the reader to [Ge] ; see also [RicU] .
Two parameter estimates for the spectral projections. In our proof we shall use a sharp two-parameter estimate the spectral projections π ℓ,ℓ ′ on complex spheres, recently obtained by the first author.
Theorem 2.1. ( [Ca1, Ca2] ) Let n ≥ 2 and let ℓ, ℓ ′ be non-negative integers. Then, for 1 ≤ p ≤ 2 we have
, and
We remark that, on S 2n−1 , besides the sublaplacian L, one may also consider the Laplace-Beltrami operator −∆ S 2n−1 . It is possible to work out a joint spectral theory. In particular, H ℓ,ℓ ′ turns out to be a joint eigenspace with eigenvalue µ ℓ,ℓ ′ for −∆ S 2n−1 , where [Ge] . Then q ℓ,ℓ ′ and Q ℓ,ℓ ′ are related to the eigenvalues λ ℓ,ℓ ′ and µ ℓ,ℓ ′ , since they grow, respectively, as λ ℓ,ℓ ′ /(ℓ + ℓ ′ ) and µ ℓ,ℓ ′ 1 2 . This was the spirit of the results in [Ca1, Ca2] .
The heat kernel associated with the sublaplacian. The proof of Theorem 1.1 relies on some good estimates for the heat kernel of L. We shall denote by p t (z, w) the heat kernel associated with L, that is the Schwartz kernel of the operator e −tL , for t > 0. We shall use a Gaussian upper estimate, that is an upper estimate for the heat kernel, where the space-time scaling d L (z, w) 2 /t is of Gaussian type, proved in the real subelliptic framework by Varopoulos [Va1, Va2] . In particular he showed that there exist two constants C 1 , C 2 > 0 such that
for every t > 0 and z, w ∈ S 2n−1 . (The distance appearing in this estimate is in fact the control distance defined by L. We have pointed out that this distance is equivalent to the distance d defined in (2.1).) This estimate implies that
A central idea in our approach is due to M. Taylor [ChGT, Ta] . If m is a continuous function on R + , we may define the operator
, with f an even function. This implies
To treat f ( √ L) we use both the fact that cos t √ L is bounded on L 2 (S 2n−1 ) and the finite propagation speed property proved, for real subelliptic operators, by Melrose [Me] .
More precisely, if we denote by G t (z, w) the kernel of the operator cos t √ L, which is a fundamental solution for the wave equation, and therefore
3. Proof of Theorem 1.1
By duality, and to avoid the trivial case p = 2, we may restrict ourselves to the case 1 ≤ p < 2, and we shall do so in the remainder of the paper, unless explicitely stated.
In order to prove the convergence of
, 2) and such that ∞ ν=−∞ ϕ(2 ν t) = 1 for every t > 0, and set ϕ 0 (t) = 1 − ∞ ν=1 ϕ(2 ν t). Then, for ν = 1, 2, . . . , and 0 ≤ t ≤ R we set
Clearly we have:
−νδ ; (iii) for every N = 1, 2, . . . , there exists C N > 0 such that
It is clear that the main term is the second one, that is
[log √ R] ν=1 S δ R,ν f . Arguing as in [So1] , it suffices to prove that there exist constants C > 0 and ε > 0 such that
The bound for E δ R f is proved in Lemma (3.3), while in order to dispose of the term S δ R,0 f we will prove the following.
for all R > 0 and for every p ∈ [1, ∞).
This proposition could probably be proved by an argument of general nature, since the operator is defined by a spectral multiplier that is C ∞ with compact support, for which we would need estimates uniform in R. However, we prefer to prove it in a more direct way, by adapting our techniques for the estimate of the main term
Hence, we defer the proof to the end of the section.
Our proof hinges on the following restriction-type lemma.
Lemma 3.2. If 1 ≤ p ≤ 2, there exists a constant C > 0 such that
Proof. Set R ν 1 := R(1 − 2 1−ν ) and R ν 2 := R(1 − 2 −1−ν ). We begin by proving that (3.6)
First, we observe that λ ℓ,ℓ ′ ∈ (R ν 1 , R ν 2 ) if and only if
For notational convenience, we writeR
2 . Now, setting 2ℓ + n − 1 = m and 2ℓ ′ + n − 1 = m ′ , we may write
Using the elementary bound {k: 0≤a≤k≤b} k ≤ b(b − a + 2), for a, b ∈ R + , we obtain that
Using orthogonality, Theorem 2.1 and (3.6) we obtain
Therefore,
and then a standard application of Riesz-Thorin Theorem finally yields the lemma.
Before proving (3.3), we provide a uniform bound for the remainder E δ R .
Proposition 3.3. There exists a costant C > 0 such that for all 1 ≤ p ≤ 2
Proof. As in Lemma 3.2 we denote R(1 − 2 1−ν ) and R(1 − 2 −1−ν ) by, resp., R Hölder's inequality and Lemma 3.2 yield
is as in Theorem 1.1, thus proving (3.7). Now we turn back to the proof of (3.3). First, by using Theorem 2.1 and the restrictiontype estimate (3.5) we prove an (
Proposition 3.4. For ν = 1, 2, . . . , [log √ R] and 1 ≤ p ≤ 2 we have
Proof. As a consequence of orthogonality we have
, for all 1 ≤ p ≤ 2, where we used the fact that sup t∈R |ϕ δ R,ν (t)| ≤ C 2 −δν and Lemma 3.2. This gives the result.
Consider now a Koranyi ball B in S 2n−1 with radius
Hölder's inequality yields B) .
By (3.9) and (3.8) it follows that
It only remains to prove an analogous estimate for S δ R,ν f L p (S 2n−1 \B) . It suffices to show that for every γ > 0 there exists ε 0 > 0 such that
where s δ R,ν denotes the kernel of S δ R,ν . Indeed, (3.10) holds true, with the same proof, when B has radius
and γ > 0 is sufficiently small. Moreover, by Schur's test, (3.11) will imply that S δ R,ν is bounded on L p (S 2n−1 \ B) with norm less than or equal to C2 −νε 0 .
Set r = √ R and define
where ϕ is the function defined at the beginning of the section.
Lemma 3.5. The functions h r,ν , defined by (3.12), satisfy the following properties:
It is easy to check that for all k there exists C k > 0 such that
Then integrating by parts k + 1 times we obtain
This proves (ii).
Observe that if ϕ δ R,ν is the function defined by (3.1), then we may write
are self-adjoint and commute. Here the operator h r,ν ( √ L) is acting in the variable w.
In order to prove (3.11), we call the integration set
and decompose it in annuli in the following way. Let i ∈ Z + be such that
and consider the shells
A j (z) .
Next we write
Notice that, when ζ ∈ A j (z), so that d(z, ζ) ≥ 2 j ,
using the finite speed propagation property and the fact that we are integrating on the set {w : d(z, w) ≤ 2 j−1 }. Now, using Hölder inequality, the fact that cos t √ L is a bounded operator on L 2 (S 2n−1 ) and (2.6), we obtain that
Applying (ii) in Lemma 3.5 we see that for every positive integer k there exists C k such that
By choosing k > n(γ + 1)/γ, we then obtain
where ε 1 := δ − k + (1 + γ)(k − n) is strictly positive. Next, using (2.7), (2.5) and (iii) in Lemma 3.5 we see that
for some positive constant C. To conclude our proof, we have only to estimate the sum
for every ν ≥ 1, for some positive costant C. Finally, yielding (3.11) .
To conclude the proof of Theorem 1.1, it therefore remains to prove Proposition 3.1.
Proof of Proposition 3.1. By reasoning as in the proof of Lemma 3.2, we may easily show that for some constant C > 0
so that the standard interpolation argument yields (3.13)
Now take a Koranyi ball B 0 in S 2n−1 with radius 1/ √ R. Then (3.9) and (3.13) give
Now observe that the kernel of the operator S δ R,0 is essentially given by s
, where h r,0 has been defined in (3.12). By following the same pattern as before, we split the L 1 -norm of the kernel s δ R,0 outside the ball B 0 into two parts. Analogous (but easier) computations as before yield
This inequality, combined with (3.14), yields (3.4).
The following Corollary is contained in Theorem 1.1, but we state it for sake of clarity.
Corollary 3.6. Let δ > n − 1 2
Final remarks
Results on the Heisenberg group. As already mentioned in the Introduction, Mauceri [Ma] and Müller [Mü1] proved a summability result for Riesz means for the sublaplacian L H on the Heisenberg group H n−1 , defined in (1.5). They showed thatS
. Müller actually proved a more general result concerning the convergence ofS α R in the mixed-normed spaces L p (C n−2 , L r (R)). It would be of some interest to extend the results of [Ca1, Ca2] and the ones in the present paper to the case of the mixed normed spaces on the sphere S 2n−1 . By a contraction argument, it is possible to see that Theorem 1.1 implies the result of Mauceri and Müller on the Heisenberg group (in the case p = r). When n = 2, this can be proved by means of the contraction theorem for multiplier operators on L p (SU(2)) to multipliers on L p (H 1 ) proved by Ricci and Rubin ([RicRu] , pag.574, see also [CSi] , Section 5).
When n > 2, L p -boundedness of Riesz multipliers on the Heisenberg group H n−1 follows from a trasference result of Dooley and Gupta (see [DGu2] , Theorem 4.1). More precisely, if G is the Lie group SU(n, 1), with Iwasawa decomposition G = KAN, where K = U(n), if N is the image of N under the Cartan involution and M is the centralizer of A in K, Dooley and Gupta studied transference in the context of contractions of K to NM or K/M to N . When G = SU(n, 1), K/M is S 2n−1 and N is the Heisenberg group H n−1 . By applying their contraction principle to the multiplier (1 − |ξ|) δ + , we obtain the result in [Ma] and [Mü1] .
Necessary conditions. The contraction principle for Fourier multipliers from L p (S 2n−1 ) to L p (H n−1 ) proved in [RicRu] and [DGu2] can be used to derive necessary conditions as well. In particular, since the Riesz means on the Heisenberg group H n−1 are not bounded in L p (H n−1 ) for δ ≤ max 0, (2n − 2) is the critical index, it provides, as observed above, another proof of Mauceri and Müller's result on the Heisenberg group. This fact may be viewed as an indication that δ(p) could actually be the critical index.
On the Riesz kernel. It would be of great interest to obtain an explicit expression for the Riesz kernel, that we denote by s δ R , from which to deduce precise pointwise estimates. In the case of a self-adjoint, elliptic operator of order m on a compact Riemannian manifold M of dimension n, the Bochner-Riesz kernel K At this point we could follow the approach introduced by Szegö in ( [Sz] , Ch. IX) and developed in [BoCl] to write s δ R as a Cesàro-type kernel for expansions in terms of the disc polynomials e iβϕ (cos θ) |β| P (α,|β|) k (cos 2θ) , with α = n − 2, β = ℓ − ℓ ′ and k = q ℓ,ℓ ′ . Anyway the presence of the complex term, which is not trivial off the diagonal ℓ = ℓ ′ , makes the computations much more involved than in the real case.
